Modular Lattices

Equivalent forms
Theorem 347. For a lattice L, the following conditions are equivalent:
(i) L is modular, that is,
for all x, y, x ∈ L.
(ii) L satisfies the shearing identity:
(iii) L does not contain a pentagon.
(iv) Let a ≤ b ∈ L and c ∈ L. Then the elements a, b, c generate a distributive sublattice.
Remark. In Section II.1.1, we have already proved the equivalence of (i) and (iii). The importance, or convenience, of the shearing identity (which was named by I. Halperin) is that it can be applied to any expressions of the form x ∧ (y ∨ z) without any assumption. Observe also the dual of the shearing identity:
and so
Thus (ii) implies (iii). We prove the remaining implications as in Section II.1.1, utilizing Figure 6 .
A typical elementary computation using modularity is in the proof of Lemma 99: A modular lattice with zero is sectionally complemented iff it is relatively complemented.
The Isomorphism Theorem for Modular Lattices
The most important form of modularity is the following:
Theorem 348 (The Isomorphism Theorem for Modular Lattices). Let L be a modular lattice and let a, b ∈ L. Then
(See Figure 72 .)
Remark. In brief, perspective intervals are isomorphic in a modular lattice; we shall reference this as the Isomorphism Theorem.
